$O(D,D)$-constraint on $D$-dimensional effective actions by Garousi, Mohammad R.
ar
X
iv
:1
80
5.
08
97
7v
3 
 [h
ep
-th
]  
6 S
ep
 20
18
O(D,D)-constraint on D-dimensional
effective actions
Mohammad R. Garousi1
Department of Physics, Faculty of Science, Ferdowsi University of Mashhad
P.O. Box 1436, Mashhad, Iran
Abstract
Double Field Theory is a manifestly T-duality invariant formulation of string theory in
which the effective theory at any order of α′ is invariant under global O(D,D) transforma-
tions and ought to be invariant under gauge transformations which receive α′-corrections.
On the other hand, the effective theory in the usual D-dimensional formulation of string
theory is manifestly gauge invariant and ought to be invariant under T-duality transfor-
mations which receive α′-corrections. We speculate that the combination of these two
constraints may fix both the 2D-dimensional and the D-dimensional effective actions
without knowledge of the α′-corrections of the gauge and the T-duality transformations.
In this paper, using generalized fluxes, we construct arbitrary O(D,D)-invariant ac-
tions at orders α′0 and α′, and then dimensionally reduce them to the D-dimensional
spacetime. On the other hand, at these orders, we construct arbitrary covariant D-
dimensional actions. Constraining the two D-dimensional actions to be equal up to non-
covariant field redefinitions, we find that both actions are fixed up to overall factors and
up to field redefinitions.
1garousi@um.ac.ir
1 Introduction
One of the most exciting discoveries in string theory is T-duality [1, 2]. This duality may be used
to construct the effective field theory at low energy. One approach for constructing this effective
action is the Double Field Theory (DFT) approach [3, 4, 5, 6, 7]. The DFT is a constraint
field theory which doubles the spacetime coordinates, i.e., adds to the usual D-dimensional
spacetime coordinates which correspond to the momentum excitations, another D-dimensional
coordinates which correspond to the winding excitations. However, a solution to the constraint
in its strong form [7] is that the 2D-dimensional dynamical fields to be independent of the
winding coordinates. The T-duality is manifested in this approach as the effective action is
O(D,D)-invariant by constructions. The effective action is also constrained to satisfy some
gauge transformations. The appropriate gauge transformations at the leading order of α′ are
the generalized diffeomorphisms and double-Lorentz transformations [8, 7], however, one of
them receive α′-corrections at the higher orders of α′ [9, 10]. The form of these corrections at
order α′ have been found in [9, 10], however, it is hard to find them at the higher orders. Using
the 2D-dimensional field redefinitions freedom, the effective action may appear in different
schemes. The DFT effective action at order α′ in one particular scheme has been constructed
in [10, 11].
Another T-duality based approach for constructing the effective action at higher orders of
α′, is to use the constraint that the dimensional reduction of the effective action on a circle
must be invariant under the T-duality transformations [12]. In this approach, one begins with
the most general gauge invariant action in the D-dimensional spacetime. The dimensional
reduction of this action on the circle must be invariant under the T-duality transformations.
The gauge transformations in this approach are the standard coordinate transformations, the
B-field gauge transformations and the non-standard Lorentz transformation of the B-field which
is required for anomaly cancellations. The T-duality transformations at the leading order of α′
are the Buscher rules [13, 14], however, they receive α′-corrections at the higher orders of α′
[16, 17]. The form of these corrections at order α′ have been found in [15, 16, 17]2, however,
it is hard to find them at higher orders of α′. Using the T-duality approach, the standard
gravity and dilaton couplings in the effective actions at orders α′, α′2, α′3 have been reproduced
in [19, 20].
Since the higher derivative corrections to the gauge transformations in the DFT approach
and the α′-corrections to the Buscher rules in the T-duality approach are hard to find in
general, it is desirable to find constraints which do not receive α′-corrections. Merging the
above two approaches, one may finds such constraints as follows: Using the strong constraint,
one can reduce the 2D-dimensional effective action in the DFT approach to the D-dimensional
effective action. This action should then be the same as the D-dimensional effective action
in the T-duality approach. The field variables in the two approaches, however, are not the
same. Non-covariant field redefinitions are required to relate the two field variables [21]. The
T-duality transformations in the DFT approach are the standard Buscher rules [7] whereas
2It has been observed in [18] that the renormalization group flows is covariant under the T-duality transfor-
mations at order α′.
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the gauge transformations are not the standard gauge transformations. On the other hand,
the gauge transformations in the T-duality approach are the standard gauge transformations
whereas the T-duality transformations are not the standard Buscher rules. As a result, the two
D-dimensional actions must be the same up to non-covariant field redefinitions. Therefore, the
effective actions should satisfy the following constraints:
1-The 2D-dimensional action is constrained to be invariant under the O(D,D) transforma-
tions and under the generalized diffeomorphisms which do not receive α′-corrections. However,
it is not constrained to be invariant under the double-Lorentz transformations which receive
α′-corrections.
2-After reducing it to the D-dimensional spacetime and using non-covariant field redefini-
tions, the action is constrained to be the same as a D-dimensional action which is invariant
under the standard coordinate transformations, the B-field gauge transformations and the non-
standard Lorentz transformation of the B-field, however, it is not invariant under the T-duality
transformations which receive α′-corrections. We speculate that the above two constraints can
fix both the 2D-dimensional and D-dimensional effective actions. We confirm this idea in this
paper by explicit calculations at orders α′0 and α′.
The outline of the paper is as follows: In section 2, we pefrom the calculations at order
α′0. In particular, in subsection 2.1, we use generalized metric and dilaton as dynamical fields
which are invariant under the double-Lorentz transformations, to construct the most general
O(D,D)-invariant action at order α′0. Using the strong constraint, we then reduce it to the
D-dimensional action. Then, using the D-dimensional metric, B-field and dilaton, we construct
the most general covariant action at order α′0. Constraining the two actions to be identical, we
fix both effective actions. Up to an overall factor, they are exactly the known effective actions
in the literature. In section 2.2, we use the generalized frame and dilaton as the dynamical
fields. Using the generalized fluxes, which are invariant under the generalized diffeomorphisms,
we construct the most general O(D,D)-invariant action at order α′0, and then reduce it to the
D-dimensional action. Comparing it with the covariant D-dimensional action, we fix both the
effective actions. The 2D-dimensional effective action is the same as the action in the literature.
In section 3, we extend the calculations to the order α′. In particular, using the generalized
fluxes, we first construct the most general O(D,D)-invariant action at order α′ without fixing
its field redefinitions freedom, and then reduce it to the D-dimensional action. To convert the
non-covariant field variables in the resulting action to the covariant variables, we use the most
general non-covariant field redefinitions. We then compare it with the most general covariant
action at order α′ up to covariant field redefinitions. The constraint that the two D-dimensional
actions must be identical, fixes both actions. Up to an overall factor, the D-dimensional action
is exactly the same as the action in the literature. Since the field redefinitions freedom is
not fixed in the 2D-dimensional action, we have found the 2D-dimensional action with some
arbitrary parameters. In one particular scheme in which dilaton appears as an overall factor,
we write the effective action.
2
2 Effective action at order α′0
Using the strong constraint in the DFT formalism, the effective action of string theory at order
α′0 can be written as O(D,D)-invariant and invariant under 2D-dimensional gauge transfor-
mations which are generalized diffeomorphisms and local double-Lorentz transformations. If
one uses the generalized metric and dilaton as dynamical fields which are invariant under the
double-Lorentz transformations, then the gauge transformations are the generalized diffeomor-
phisms [8]. On the other hand, if one uses the generalized frame and dilaton as the dynamical
fields, then the action can be written in terms of generalized fluxes which are invariant under
the generalized diffeomorphisms [7]. Hence, the nontrivial gauge transformations in this case
is the double-Lorentz transformations. Using these gauge transformations, the 2D-dimensional
effective actions have been found in [8, 22].
In this section we are going to find these actions by comparing the most general O(D,D)-
invariant action with the most general D-dimensional covariant action.
2.1 Generalized metric formulation
We begin with the case that the generalized metric Hµν and dilaton d are the dynamical fields.
They are invariant under the double-Lorentz transformations as they carry no index in this
space, however, the generalized metric Hµν is a matrix that transforms under the O(D,D)
transformations as3
H → OHOT (1)
TheD-dimensional coordinate xa conjugated to the momentum excitations and theD-dimensional
coordinate x˜a conjugated to the winding excitations, transforms as vector, i.e.,
xµ ≡
(
x˜a
xa
)
→ O
(
x˜a
xa
)
; ∂µ ≡
(
∂˜a
∂a
)
→ O
(
∂˜a
∂a
)
(2)
And the 2D-dimensional dilaton d is invariant under the O(D,D) transformations [8]. Us-
ing these O(D,D) tensors, one can write the most general O(D,D)-invariant action at two-
derivative level as4
S0 = −
2
κ2V˜
∫
dxdx˜e−2d
(
c9Hαβ∂αd∂βd+ c3Hαβ∂β∂αd+ c1HαγHβδ∂γ∂αHδβ
+c2HαγHβδ∂γ∂δHαβ + c5HαδHβǫHγε∂αHβγ∂δHǫε + c6HαδHβǫHγε∂βHαγ∂δHǫε
+c11HαδHβγ∂γHαβ∂δd+ c8HαδHβǫHγε∂δHαǫ∂εHβγ + c10HαδHβγ∂αHγβ∂δd
+c7HαδHβǫHγε∂βHεγ∂δHαǫ + c4HαǫHβεHγδ∂αHδγ∂ǫHεβ
)
(3)
3Our index conversion is that the Greek letters (µ, ν, · · ·) are the indices of the curved 2D-dimensional space,
the Latin letters (a, d, c, · · ·) are the indices of the curved D-dimensional spacetime, the letters (A,B,C, · · ·) are
the indices of flat 2D-dimensional tangent space, and the letters (i, j, k, · · ·) are the flat D-dimensional tangent
space.
4We use the mathematica package ’xAct’ [23] for performing the calculations in this paper.
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where Hµν is inverse of the generalized metric and V˜ = ∫ dx˜ . Since there is no double-
Lorentz index in the couplings (3), this action is invariant under the local double-Lorentz
transformations as well.
There is also a O(D,D)-invariant metric
ηµν =
(
0 1
1 0
)
; ηµν =
(
0 1
1 0
)
(4)
which raises and lowers the 2D-indicies, i.e.,
Hµν = ηµαHαν ; Hµν = ηµαηνβHαβ ; ∂α = ηαβ∂β (5)
The symmetry of the effective action under Bab → −Bab, requires the couplings to have even
number of constant metric η [8]. The couplings involving odd number of η are antisymmetric
under Bab → −Bab. At two derivative level, one can convince oneself that any term which is
independent of the winding coordinates and contains two constant metrics, is identical to the
couplings in (3). For example, using the constant metric to raise and lower the indices, the
term ∂αHαβ∂γHγµHβµ can be written as ∂αHαβ∂γHγµHβµ. The latter coupling can be written
as the couplings in (3) using the identity
HαβHβµ = δαµ (6)
At higher derivative level, however, there are couplings involving the metric η which can not
be written in terms of only generalized metric, e.g., ∂αHαβ∂γHγλ∂µHµλ∂νHνβ .
The couplings in (3) with coefficients c4, c7, c10 become zero using the above identity. Using
this identity and total derivative terms, one can relate the coefficients of some of the above
terms. One may either use these relations to write (3) in terms of independent couplings and
then compare them with the D-dimensional gauge invariant action, or one may fix them after
comparing the non-independent couplings with the D-dimensional gauge invariant action. In
the latter case that we are going to do in this paper, they appear as free parameters which can
be chosen arbitrarily.
The reduction of the generalized metric and its inverse in terms of the D-dimensional metric
and the B-field are [8]
Hµν =
(
Gab −GacBcb
BacG
cb Gab − BacGcdBdb
)
; Hµν =
(
Gab −BacGcdBdb BacGcb
−GacBcb Gab
)
(7)
The reduction of the 2D-dimensional dilaton to the D-dimensional dilaton and metric is e−2d =
e−2Φ
√−G. Using the strong constraint that fields do not depend on the coordinate x˜, one can
reduce (3) to the following D-dimensional action:
S0 = − 2
κ2
∫
dxe−2Φ
√
−G
(
c9G
ab∂aΦ∂bΦ + c3G
ab∂b∂aΦ− 1
4
c3G
acGbd∂c∂aGdb
+2(c1 + c5)G
adGbeGcf∂aBbc∂dBef + (c2 + c6)G
adGbeGcf∂bBac∂dBef
4
−1
4
c11G
adGbeGcf∂bGfc∂dGae +
1
4
(8c1 + c3 + 8c5)G
adGbeGcf∂aGbc∂dGef
+c6G
adGbeGcf∂bGac∂dGef −
1
2
c9G
adGbc∂aGcb∂dΦ+ c11G
adGbc∂cGab∂dΦ
+
1
16
c9G
aeGbfGcd∂aGdc∂eGfb + (−c2 − c8)GadGbeGcf∂dBae∂fBbc
+c8G
adGbeGcf∂dGae∂fGbc + c2G
acGbd∂c∂dGab
)
(8)
Note that the coefficients c4, c7, c10 do not appear in above D-dimensional action, so they
appear in the final action as arbitrary parameters which can be set to zero5. It is interesting to
note that even though the generalized metric contains no derivative on the B-field, the above
D-dimensional action contains only terms which have derivative on the B-field. It turns out
that the dimensional reduction of any O(D,D)-invariant coupling produces no B-field without
derivative on it. The above O(D,D) and double-Lorentz invariant action is not invariant under
the generalized diffeomorphism for arbitrary parameters. We do not impose this constraint for
finding the unknown coefficients in this paper.
We now construct the most general D-dimensional action at two-derivative level which is
invariant under the coordinate transformations and under the B-field gauge transformations,
i.e.,
Sc0 = −
2
κ2
∫
dxe−2Φ
√
−G
(
a1R + a2∇aΦ∇aΦ− a3
12
H2
)
. (9)
where Habc = ∂aBbc + ∂cBab + ∂bBca and a1, a2, a3 are three constants. Since the action (8) is
in terms of metric and B-field, we rewrite the above covariant action in terms of metric and
B-field, i.e.,
Sc0 = −
2
κ2
∫
dxe−2Φ
√
−G
(
a2G
ab∂aΦ∂bΦ− a1GacGbd∂c∂aGdb + a1GacGbd∂c∂dGab
−1
4
a3G
adGbeGcf∂aBbc∂dBef +
1
2
a3G
adGbeGcf∂bBac∂dBef
+a1G
adGbeGcf∂bGfc∂dGae +
3
4
a1G
adGbeGcf∂aGbc∂dGef
−1
2
a1G
adGbeGcf∂bGac∂dGef − 1
4
a1G
aeGbfGcd∂aGdc∂eGfb
−a1GadGbeGcf∂dGae∂fGbc
)
(10)
The two D-dimensional Lagrangians (8) and (10) are not equal for any non-zero parameters.
However, to compare the two actions, one should take into account non-covariant total deriva-
tive terms as well. There are three total derivative terms, i.e.,
J = − 2
κ2
∫
dx∂a
(
e−2Φ
√
−G[f3Gab∂bΦ + f2GcbGda∂cGdb + f1GcaGdb∂cGdb]
)
(11)
5 One can check that the above couplings are invariant under the Buscher rules, i.e., if one compactifies the
theory on a circle and assumes fields are independent of that directions, then the above couplings would be
invariant under the Buscher rules.
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where f1, f2, f3 are three arbitrary parameters. Now adding these total derivative terms to
(10), the two actions can be equated, i.e., S0 = S
c
0 + J, for the following constraints on the
parameters:
a2 = 4a1, a3 = a1,
c3 = 2a1 − c11 − 2c2, c5 = −a1/8− c1, c6 = a1/2− c2, c8 = −c2, c9 = 2c11 + 4c2,
f1 = a1/2 + c11/4 + c2/2, f2 = −a1 + c2, f3 = 2a1 − c11 − 2c2 (12)
The equations in the last line gives the coefficients of the total derivative terms that are needed
to equate the two actions.
The equations in the first line constrain the D-dimensional action (9) to be
Sc0 = −
2a1
κ2
∫
dxe−2Φ
√
−G
(
R + 4∇aΦ∇aΦ− 1
12
H2
)
. (13)
which is the standard effective action at order α′0, up to an overall factor. The overall factor
must be a1 = 1 to be the effective action of string theory. The equations in the second line
constrain the O(D,D)-invariant action (3) to be
S0 = − 2a1
κ2V˜
∫
dxdx˜e−2d
(
2Hαβ∂β∂αd+ 1
8
Hαδ∂αHβγ∂δHβγ − 1
2
Hαδ∂βHαγ∂δHβγ
)
(14)
where we have also used the identity ∂αHµν = −HµβHνγ∂αHβγ . The terms with coefficients
c2, c11 are total derivative terms, and terms with coefficient c1, i.e.,
c1HγαHδβ∂γ∂αHδβ − c1HδαHǫβHεγ∂αHβγ∂δHǫε (15)
become zero using the identity (6), so we have discarded them. The O(D,D)-invariant action
(14) is the one has been found in [8]. Therefore, the requirement that the O(D,D)-invariant
action and the covariant D-dimensional action to be identical, fixes both actions, up to an
overall factor.
The action (14) has been found in [8] by requiring the O(D,D)-invariant couplings (3) to
be invariant under the generalized diffeomorphisms which are
δ(e−2d) = ∂µ(ζ
µe−2d)
δHµν = ζρ∂ρHµν + 2(∂(µζρ − ∂ρζ(µ)Hν)ρ (16)
Unlike the terms in (9) which are invariant under the D-dimensional diffeomorphisms, none of
the terms in (3) is invariant under the above 2D-dimensional generalized diffeomorphisms. Only
the combination of terms in (14) is invariant under these transformations [8]. This combination
may be defined as the definition of 2D-dimensional scalar curvature [8]. It is hard to extend
the couplings (14) to the higher order of α′ because the conventional 2D-dimensional Riemann
curvature does not transform covariantly under the generalized diffeomorphisms [4, 24, 25, 26,
27].
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2.2 Generalized frame formulation
A convenient frame work for constructing the higher derivative couplings in DFT is the gener-
alized frame construction of the DFT [3, 7]. The generalized frame Eµ
A is defined to relate the
generalized metric Hµν to the flat generalized metric HAB and the O(D,D)-metric ηµν to flat
metric ηAB, i.e.,
Hµν = EµAHABEνB
ηµν = Eµ
AηABEν
B (17)
In terms of the generalized dilaton d, the generalized frame Eµ
A and its transverse EµA, one can
construct flat space tensors which transform as scalar under the generalized diffeomorphisms.
They are
FA = 2∂Ad−EµB∂BEµA
FABC = 3∂[AEµBEνC]ηµν (18)
where the flat space derivative is ∂A = E
µ
A∂µ. These tensors transform as scalar under the
generalized diffeomorphisms [7], i.e.,
δFA = ζµ∂µFA
δFABC = ζµ∂µFABC (19)
The flat space derivatives of these tensors transform as scalar under the generalized diffeo-
mophisms as well [7]. However, these tensors do not transform covariantly under local double-
Lorentz transformations. It has been shown in [10, 11] that these transformations receive α′
corrections as well6.
One may construct O(D,D)-invariant and the generalized diffeomophism invariant effective
actions by considering all contractions of these tensors with constant metric ηAB and HAB, i.e.,
at two-derivative level they are
S
f
0 = −
2
κ2V˜
∫
dxdx˜e−2d
(
c3FAFA + c4∂AFA + c1FAFBHAB + c2∂AFBHAB + c7FABCFABC
+c6HABFACDFBCD + c5HABHCDFACEFBDE + c8HABHCDHEFFACEFBDF
)
(20)
The flat indices are raised by the flat metric ηAB, i.e., FA = ηABFB. This action is invariant
under the generalized diffeomophisms for arbitrary parameters c1, · · · , c8, however, it is not
invariant under the local double-Lorentz transformations. Imposing the invariance under the
double-Lorentz transformations, one can fix these parameters [22, 11]. However, we are not
going to fix the parameters in this way.
6If one uses the generalized metric and dilaton as the dynamical fields which are invariant under the double-
Lorentz transformations, then the α′-corrections would appear in the generalized diffoemorphisms [9].
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To fix the parameters c1, · · · , c8, instead, we constrain the reduction of this action to be
identical with the D-dimensional covariant action (9). The reduction of the metric ηAB, HAB
and the generalized frame Eµ
A are [11]:
ηAB =
(
0 δji
δij 0
)
; HAB =
(
ηij 0
0 ηij
)
; Eµ
A =
(
eai 0
−ebiBba eai
)
(21)
where ea
i is the D-dimensional frame, i.e., ea
iejbηij = Gab. Using the constraint that fields in
the 2D-dimensional action (20) do not depend on the coordinate x˜, one can reduce it to the
following D-dimensional action:
S
f
0 = −
2
κ2
∫
dxe−2Φ
√
−G
(
c2G
adGbcηjied
i∂a∂ceb
j + 4c1G
ab∂aΦ∂bΦ + 2c2G
ab∂b∂aΦ
+6c8G
acGbdηji∂aeb
j∂ced
i − 4c1GacGbdηjiebj∂aΦ∂cedi − 6c8GacGbdηji∂beaj∂cedi
+4c1G
acGbdηjiea
j∂bΦ∂ced
i − c2GadGbcηjiedi∂c∂beaj + 3c8GadGbeGcf∂aBbc∂dBef
−6c8GadGbeGcf∂bBac∂dBef + 4c5GadGbeGcfηjief j∂aBbc∂deei
−4c5GadGbeGcfηjief j∂bBac∂deei + (−c2 + 4c6)GadGbeGcfηkjηlieakecl∂bef j ∂deei
−2c1GadGbeGcfηkiηljeakecl∂bef j∂deei + 4c5GadGbeGcfηjief j∂cBab∂deei
−2c2GacGbdηjiebj∂ceai∂dΦ + (c2 − 2c6)GaeGbfGcdηkjηliebkecl∂aedj∂eef i
+c1G
aeGbfGcdηkiηljeb
kec
l∂aed
j∂eef
i − c2GadGbeGcfηkjηliebkecl∂deai∂eef j
+c2G
adGbeGcfηkiηljeb
kec
l∂dea
i∂eef
j − 2c6GadGbeGcfηkjηlieakecl∂deei∂febj
+c1G
adGbeGcfηkiηljea
kec
l∂dee
i∂feb
j
)
(22)
The terms with coefficients c3, c4, c7, which have no HAB, vanish when reducing the couplings
(20) to the D-dimensional spacetime. Hence, these terms are zero by the strong constraint.
Note that even though the generalized frame contains no derivative on the B-field, the above
D-dimensional action contains only terms which have derivative on the B-field. The above
D-dimensional action must be equal to (10) plus some D-dimensional total derivative terms.
To compare the two actions, one has to rewrite the derivatives of metric in the action (10) in
terms of derivatives of the frame ea
i. The comparison then fixes both the effective actions (9)
and (20) up to an overall factor. The action (9) is fixed as in (13) and the action (20) is fixed
as
S
f
0 = −
2a1
κ2V˜
∫
dxdx˜e−2d
(
− FAFBHAB + 2∂AFBHAB
+
1
4
HABFACDFBCD − 1
12
HABHCDHEFFACEFBDF + · · ·
)
(23)
where dots represent the terms which vanish after using the strong constraint. The above action
is the action has been found in [22]. In the next section we consider this approach to find both
D-dimensional and 2D-dimensional effective actions at order α′.
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3 Effective action at order α′
The most general four-derivative action which is O(D,D)-invariant and is invariant under
generalized diffeomorphisms can be constructed by all possible contractions of the following
tensors with constant metric ηAB and HAB:
FAFBFCFD + FAFBFCFDEF + FAFBFCDEFFGH + FAFBCDFEFGFHIJ
+FABCFDEFFGHIFJKL + FCDEFFGH∂AFB + FDEF∂A∂BFC + ∂A∂B∂CFD
+∂A∂B∂CFDEF + FAFDEF∂BFC + FA∂B∂CFD + FA∂B∂CFDEF + FAFB∂CFD
+∂AFB∂CFD + FAFB∂CFDEF + ∂AFB∂CFDEF + FABC∂D∂EFFGH + FAFBCD∂EFFGH
+∂AFBCD∂EFFGH + FABCFDEF∂GFHIJ (24)
It produces 275 terms, i.e.,
S
f
1 = −
2
κ2V˜
∫
dxdx˜e−2d
(
c1HABHCDFAFBFCFD + c2FAFAFBFB + · · ·
)
(25)
where c1, · · · , c275 are parameters. The terms which have no tensor HAB, e.g., c2-term, are zero
after using Bianchi identities [28] and the strong constraint. There are 34 such terms. There are
also 91 terms with other structures that become zero under these constraints7. The remaining
150 terms are in five classes. One class includes terms that cancel each others after using the
strong constraint, one class includes terms that are total derivatives, one class includes terms
that become zero using appropriate identities, one class includes terms that are reproduced by
field redefinitions at order α′ of the fields in (23), and the last class includes all other terms in
which we are interested. One may examine all terms in details to exclude all terms except the
terms in the last class, and then imposes the D-dimensional gauge symmetry. Alternatively,
one may impose the D-dimensional gauge symmetry on all 150 terms. In this case, the terms
in the first four classes appear in the final action with free parameters which can be chosen
arbitrarily.
Using the relation (18), one can write the couplings (25) in terms of dilaton and the gener-
alized frame. Then using the dimensional reduction (21), one can reduce the 2D-dimensional
action (25) to the D-dimensional action, e.g., the reduction of c1-term is
S
f
1 = −
2
κ2
∫
dxe−2Φ
√
−G
(
16c1DΦaDΦ
aDΦbDΦ
b + 32c1De
abiDΦbDΦcDΦ
ceai
−32c1DeabiDΦaDΦcDΦcebi + 16c1DeabiDecdjDΦbDΦdeaiecj
−16c1DeabiDebcjDΦdDΦdeaiecj + 8c1DeabiDecbjDΦdDΦdeaiecj
−32c1DeabiDecdjDΦaDΦdebiecj + 8c1DeacjDeabiDΦdDΦdebiecj
7One may use the Bianchi identities found in [28] to demonstrate the vanishing of some of these 125 terms.
However, the more convenient way to impose the Bianchi identities and the strong constraint is to reduce the
couplings to the D dimensions using the reduction (21) and then use the strong constraint. The above 125
terms vanish when we write the D-dimensional couplings in terms of independent expressions.
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+16c1De
abiDecdjDΦaDΦcebiedj − 16c1DeabiDebcjDedekDΦeeaiecjedk
+8c1De
abiDecb
jDedekDΦeeaiecjedk + 8c1Dea
cjDeabiDedekDΦeebiecjedk
+16c1De
abiDeb
cjDedekDΦdeaiecjeek − 8c1DeabiDecbjDedekDΦdeaiecjeek
−8c1DeacjDeabiDedekDΦdebiecjeek + 4c1DeabiDebcjDedekDeefleaiecjedkefl
−4c1DeabiDebcjDedekDef eleaiecjedkefl + c1DeabiDecbjDedekDef eleaiecjedkefl
−4c1DeacjDeabiDedekDeeflebiecjedkefl + 2c1DeacjDeabiDedekDef elebiecjedkefl
+c1Dea
cjDeabiDed
flDedekebiecjeekefl + · · ·
)
(26)
where Deab
i ≡ ∂aebi and DΦa ≡ ∂aΦ. The above action is manifestly invariant under T-duality
as its parents (25) are invariant under the O(D,D) transformations, however, it is not invariant
under the usualD-dimensional gauge transformations for arbitrary parameters. We are going to
find these parameters by comparing them with a D-dimensional action at order α′ which is not
invariant under the T-duality, but is invariant under the conventional gauge transformations,
i.e., the standard coordinate transformations, the B-field gauge transformations and the non-
standard Lorentz transformation of the B-field which is required for anomaly cancellations.
The most general D-dimensional action which is invariant under the conventional gauge
transformations has four class of terms. One class contains terms that are zero by Bianchi
identities, one class contains terms that are total derivative terms, one class contains terms
that are reproduced by the field redefinitions at order α′ of the fields in (13), and the last class
contains all other terms in which we are interested. One may choose the couplings to be [29]
Sc1 =
−2
κ2
α′
∫
dd+1xe−2Φ
√
−G
(
b1RabcdR
abcd + b2RabcdH
abeHcde
+b3HfghH
f
a
bHgb
cHhc
a + b4Hf
abHgabH
fchHgch + b5(H
2)2 + b6HacdHb
cd∂aΦ∂bΦ
+b7H
2∂aΦ∂
aΦ+ b8(∂aΦ∂
aΦ)2 + d1H
abcΩabc
)
(27)
where b1, b2, · · · , b8 are eight parameters. The field redefinitions freedom allows us to choose the
eight arbitrary couplings in (27) in many different schemes. The above is one particular scheme.
The last term is zero for the bosonic string theory because the B-field gauge transformation is
the standard transformation, i.e., Bab → Bab + ∂[aλb]. This term is non-zero for the heterotic
string theory and its coefficient is d1 = −a1/6 in this case. This term is a result of non-standard
gauge transformation of B-field which is
Bab → Bab + ∂[aλb] + α′∂[aΛijωb]ji (28)
where Λi
j is the matrix of the Lorentz transformations and ωbi
j is spin connection8. The
Chern-Simons three-form Ω which is defined as
Ωabc = ω[ai
j∂bωc]j
i +
2
3
ω[ai
jωbj
kωc]k
i ; ωai
j = ∂aeb
jebi − Γabcecjebi (29)
8At order α′, there is a scheme in which the appearance of the B-field in the effective action simplifies through
extending the spin connection to the spin connection with torsion [30]. Since we are working with the most
general covariant action (27), we do not assume such simplification.
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makes Habc + α
′Ωabc to be invariant under the Lorentz transformations, i.e., Habc + α
′Ωabc →
Habc + α
′Ωabc. The action (27) is not invariant under T-duality for arbitrary parameters
b1, b2, · · · , b8. However, one expects for some specific values for these parameters, the cou-
plings become invariant under T-duality. We are going to find these parameters by comparing
them with the manifestly T-duality invariant action (26). To compare the two actions, one has
to rewrite the couplings in (27) in terms of frame ea
i and B-field. If one compares the above
D-dimensional action with the reduced action (26), one would find zero value for all parameters.
So the actions are not the same. Let us check their Lagrangians. So we have to include some
total derivative terms.
To construct all D-dimensional total derivative terms in terms of frame ea
i, B-field and
dilaton Φ, we have to construct all contractions of the following tensors with metric Gab to
produce the current Ia:
∂a∂b∂cBde + ∂a∂b∂ced
e + ∂a∂b∂cΦ+ ∂a∂bΦ∂ced
e + ∂a∂bΦ∂cΦ + ∂aΦ∂bΦ∂cΦ
+∂aBbc∂d∂eBfg + ∂aBbc∂d∂eef
g + ∂aBbc∂d∂eΦ+ ∂a∂bBcd∂eef
g + ∂a∂bec
d∂eef
g
+∂a∂bBcd∂eΦ + ∂a∂bec
d∂eΦ+ ∂aBbc∂dΦ∂eΦ + ∂aeb
c∂dΦ∂eΦ + ∂aBbc∂dBef∂gBhhh
+∂aBbc∂dBef∂geh
hh + ∂aBbc∂dee
f∂geh
hh + ∂aeb
c∂dee
f∂geh
hh + ∂aBbc∂dBef∂gΦ
+∂aBbc∂dee
f∂gΦ + ∂aeb
c∂dee
f∂gΦ (30)
where ∂aeb
c ≡ eci∂aebi, ∂a∂debc ≡ eci∂a∂debi and ∂a∂d∂febc ≡ eci∂a∂d∂febi. Then the following
expression produces all total derivative terms:
J =
−2
κ2
α′
∫
dx∂a(e
−2Φ
√
−G Ia) (31)
One may extend the list of currents in (30) by including terms ∂aeb
i∂cedi and ∂a∂bec
i∂deei as
well, however, they do not produce independent total derivative terms in J. We have examined
the equality Sf1 = S
c
1+ J and again found zero result for all parameters. This is an indication
of the observation made in [21] that fields in the conventional D-dimensional action (27) are
not the same as the fields defined in the reduction of the 2D-dimensional fields. In particular,
the fields B, ea
i in (21) are not the same as the dynamical B-field and frame used in (27). So
we have to use field redefinitions on the D-dimensional fields in (13), (27) and then compare
them with (26).
The variation of action (13), for a1 = 1, under field redefinition Gab → Gab + δGab, Bab →
Bab + δBab and Φ→ Φ+ δΦ is
δ Sc0 = −
2
κ2
∫
dxe−2Φ
√
−G
[(1
2
R + 2∇c∇cΦ− 2∇cΦ∇cΦ− 1
24
H2
)
(GabδGab − 4δΦ)
−
(
Rab + 2∇b∇aΦ− 1
4
HacdHbcd
)
δGab +
1
2
(∇cHcab − 2∇cΦHcab)δBab
]
(32)
where we have also ignored some covariant total derivative terms. δGab, δΦ and δBab can be
constructed by all contractions of the following tensors with metric Gab:
∂a∂bBcd + ∂a∂bec
d + ∂a∂bΦ+ ∂aΦ∂bΦ+ ∂aBbc∂dBef
+∂aBbc∂dee
f + ∂aeb
c∂dee
f + ∂aBbc∂dΦ+ ∂aeb
c∂dΦ (33)
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We then examine the following equality:
S
f
1 = S
c
1 + J+ δ S
c
0 (34)
It produces many algebraic equations for the parameters with non-zero result for them.
The most important part of the result is that they fix uniquely all eight parameters in the
D-dimensional action (27) in terms of b1, i.e.,
Sc1 =
−2
κ2
α′
∫
dd+1xe−2Φ
√
−G
[
b1
(
RabcdR
abcd − 1
2
RabcdH
abeHcde
+
1
24
HfhgH
f
a
bHhb
cHgc
a − 1
8
Hf
abHhabH
fcgHhcg
)
+ d1H
abcΩabc
]
(35)
In the scheme (27), the effective action (35) then has no derivative of dilaton. Up to the overall
factor b1, the above couplings are the standard effective action of the bosonic and heterotic
string theories which has been found in [29] by the S-matrix calculations. This action now
is invariant under T-duality. Since we have used field redefinitions to relate the manifestly
T-duality invariant action (26) to the manifestly gauge invariant action (27), the T-duality
transformations rules in above action would be the Buscher rules plus their α′-corrections.
They have be found directly by using the T-duality approach [16, 17].
The parameters in the 2D-dimensional action (25), however, are not fixed uniquely in terms
of b1, d1. There remain many parameters in (25) to be arbitrary. They reflect the four classes
of terms in (25) that we did not removed them from the list of independent couplings in
(25). Choosing different values for the arbitrary parameters correspond to different scheme
in which the 2D-dimensional action can be written. One particular choice for the parameters
should reproduce the 2D-dimensional couplings found in [11] which include derivatives of the
generalized dilaton and frame. However, as in the D-dimensional action (35), we choose a
scheme in which the 2D-dimensional dilaton appears only as an overall factor. Since the
derivative of the dilaton appears in the flux FA, we choose the arbitrary parameters to have no
terms in (25) which has FA or its derivatives. Using this constraint, there are still some residual
parameters in this scheme. We further constrain the scheme to have no terms with structure
∂A∂B∂CFDEF , ∂A∂BFCDE, nor ∂AFBCD∂EFEFH. Then the effective action in this scheme for
the bosonic string theory becomes
S
fe
1 =
−2b1
κ2V˜
α′
∫
dxdx˜e−2d
(
− 1
8
HABHCDHEFHGHHIJHKLFACEFBDGFFIKFHJL
+
1
4
HABHCDFAEFFBGHFCE[FFG]DH +
1
4
HABHCDHEFHGHFACEFBDGFF IJFHIJ
+HABHCDFACEFBFGFDFHFEGH + 1
2
HABHCDFACEFBEFFDGHFFGH
+
3
8
HABHCDHEFHGHFACIFBEJFDGJFFHI
−1
2
HABHCDHEFHGHFACEFBGIFDHJFFIJ (36)
12
+
1
24
HABHCDHEFHGHHIJHKLFACEFBGIFDHKFFJL
−2HABHCDFACEFBFG∂[FFE]DG +HABHCDHEFHGHFACEFBGI∂(HFI)DF + · · ·
)
where dots represent terms that are zero under the strong constraint. Our notation for anti-
symmetrization is L[APB] = (LAPB − LBPA)/2, similarly for symmetrization. This action now
must be invariant under double-Lorentz transformations. Since we have used field redefinitions
to relate the manifestly T-duality invariant action (26) to the manifestly Lorentz invariant
action (27), the double-Lorentz transformations in above action would be the standard Lorentz
transformations plus their α′-corrections. The above action is even under B → −B. It should
be the same as the even part of the action has been found in [11] up to the terms that are zero
under the strong constraint and up to 2D-dimensional field redefinitions.
The 2D-dimensional effective action of the heterotic string theory at order α′ contains the
above action plus the following terms which are odd under B → −B:
S
fo
1 =
−2d1
κ2V˜
α′
∫
dxdx˜e−2d
(1
8
HABHCDHEFFACGFBDIFEGHFFIH
−1
8
HABHCDHEFHGIHHJFACEFBGHFDIKFFJK
− 1
12
HABHCDHEFFACGFBEIFDFHFGIH + 1
24
HABHCDHEFFACEFBDGFF IHFGIH
+
1
4
HABHCDHEFFACGFEGH∂BFDFH − 1
3
HABHCDHEFFACEFBGH∂[DFG]FH
−1
4
HABHCDHEFHGIHHJFACEFBGH∂DFFIJ −
1
8
HABHCDHEFFACGFEGH∂FFBDH
−3
8
HABHCDHEFFACGFEGH∂HFBDF + · · ·
)
(37)
where dots represent terms that are zero under the strong constraint. While the action (36)
has even number of HAB, the above action has odd number of HAB. The above action should
be the same as the odd part of the action has been found in [11] up to the terms that are zero
under the strong constraint and up to 2D-dimensional field redefinitions.
The algebraic equations fix also the non-covariant field redefinitions and total derivative
terms required to relate the two D-dimensional actions. The total derivative terms in the
bosonic theory have structures ∂∂e∂∂e, ∂∂e∂e∂e, ∂∂B∂B∂e , ∂B∂B∂∂e, ∂B∂B∂e∂e, ∂∂Φ∂e∂e,
∂∂Φ∂Φ∂e, ∂Φ∂e∂∂e, ∂Φ∂Φ∂e∂e, ∂Φ∂e∂e∂e and ∂Φ∂e∂B∂B. They indicate that the current
Ia contain terms with structure ∂∂e∂e, ∂e∂e∂e, ∂Φ∂e∂e and ∂e∂B∂B. The reason that there is
no current with structure ∂∂Φ∂e, ∂∂Φ∂Φ , ∂∂B∂B is that they produce terms in J with struc-
tures ∂∂Φ∂∂Φ, ∂∂Φ∂∂e, ∂∂B∂∂B which are not in the D-dimensional action (27). There are
too many total derivative terms to be able to write them explicitly here. The field redefinitions
for the bosonic theory however are
δGBab = b1
(
2Dea
ciDebci − 4De(bciDeca)i + 2DecbiDecai + 8De(bciDΦcea)i − 8Dec(biDΦcea)i
−4DDe(bcciea)i + 4DDecc(biea)i − 4DecdjDecdieaiebj + 4DecdiDedcjeaiebj
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+4De(b
ciDedd
jea)iecj − 4Dec(aiDeddjeb)iecj + 2De(bciDecdjea)jedi − 6DecdjDec(biea)jedi
−2De(aciDedcjeb)jedi + 6Dec(aiDedcjeb)jedi + 2DeaciDebdjecjedi − 4De(aciDedb)jecjedi
+2Deca
iDedb
jecjedi − 4De(aciDecdjeb)iedj + 4DecdjDec(aieb)iedj + 4De(aciDedcjeb)iedj
−4Dec(aiDedcjeb)iedj
)
δΦB =
1
4
GabδGBab
δBBab = b1H
cd
[a(ωb]ijec
ied
j + eb]iDecd
i) (38)
where DDeabc
i ≡ ∂a∂beci, Deabi ≡ ∂aebi and DΦa ≡ ∂aΦ. The curved indices are raised with
metric Gab and flat indices are lowered by ηij . The above α
′-corrections must be added to the
metric, dilaton and the B-field in the reductions of 2D-dilaton, i.e., e−2d = e−2Φ
√−G and the
generalized metric (7) in order to make them identical to the corresponding covariant fields
in the D-dimensional action (27). The resulting new 2D-dilaton d˜ and generalized metric H˜,
then should transform covariantly as (16). The above field redefinition for dilaton, however,
is such that δd = δΦ − 1
4
GabδGab = 0. So the generalized dilaton remains invariant under the
field redefinitions at order α′. Using the α′-corrections to the generalized metric, one may find
the α′-corrections to the generalized diffeomorphisms for the fields that are transformed by the
Buscher rules under T-duality. Alternatively, one may add the above α′-corrections, with a
minus sign, to the D-dimensional covariant fields Gab,Φ, Bab in order to make them identical to
the corresponding 2D-dimensional fields e−2d = e−2Φ
√−G and (7) which are transformed by
Buscher rules under T-duality[7]. In this way one may find the α′-corrections to the Buscher
rules for the D-dimensional covariant fields.
The total derivative terms in the heterotic theory have the same structures as in the
bosonic theory as well as the structures ∂∂e∂∂B, ∂∂e∂e∂B, ∂e∂e∂∂B , ∂e∂e∂Φ∂B, ∂e∂Φ∂∂B,
∂∂e∂Φ∂B, ∂Φ∂Φ∂e∂B and ∂e∂∂Φ∂B. They indicate that the current Ia contain terms with
structure ∂∂e∂B, ∂e∂e∂B, and ∂e∂Φ∂B. The field redefinitions for the heterotic theory are
δGHab = δG
B
ab + d1H
cd
(aeb)iDecd
i
δΦH =
1
4
GabδGHab
δBHab = δB
B
ab + d1
(
De[ab]
iDecci +DDe[a
c
cieb]
i − 4De[ab]iDΦceci +DDe[acb]ieci
+Dec
djDec[b
iea]jedi − 2De[aciDedcjeb]jedi +Dec[aiDedcjeb]jedi
+2De[ba]
iDecdjecjedi −De[aciDedb]jecjedi + 2De[ab]iDecdjeciedj
)
(39)
Here also the field redefinition for the generalized dilaton δd is zero. While the field redefinition
terms in the bosonic theory do not change the symmetry under B → −B, the field redefinition
terms corresponding to the Chern-Simons term in the heterotic theory change the symmetry
of fields under B → −B. This is as expected because the field redefinitions should produce
odd terms under B → −B from the even terms in (32). It is interesting to note that in both
heterotic and bosonic theories the total derivative term are zero when the D-dimensional frame
ea
i is constant. Moreover, the T-duality covariant fields and the gauge covariant fields are
identical when ea
i is constant, i.e., δG = δΦ = δB = 0.
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We have found the T-duality invariant 2D-dimensional actions (36) and (37) by constrain-
ing them to be invariant under the generalized diffeomorphism and by constraining them to be
invariant under the D-dimensional gauge transformations after using appropriate field redefi-
nitions (38) and (39) on the leading order action (14). These actions must be invariant under
the double-Lorentz transformations as well. However, the transformations are the standard
double-Lorentz transformations pulse their corresponding α′-corrections [10, 11]. Since we have
used the 2D-dimensional field redefinitions freedom to write the α′-order actions (36) and (37)
in a scheme in which the dilaton appears only as an overall factor, the field redefinitions (38)
and (39) and the corresponding α′-corrections to the double-Lorentz transformations are then
fixed uniquely. If we have chosen a different scheme for the 2D-dimensional actions, then the
field redefinitions (38) and (39) would be different. The form of the corrections to the double-
Lorentz transformations might be different from those have been found in [10, 11], because the
2D-dimensional actions in [10, 11] is written in a different scheme in which the derivative of
dilaton also appears in the actions. Unlike our approach that the 2D-dimensional action is fixed
first, in [10, 11] the authors first fix the α′-corrections to the double-Lorentz transformations
and then find the corresponding 2D-dimensional actions. It would be interesting to find the
α′-corrections to the double-Lorentz transformations corresponding to the actions (36) and (37)
and then compare them with the transformations found in [10, 11] under the appropriate field
redefinitions that change the actions (36) and (37) to the corresponding actions in [10, 11].
Using the generalized frame and dilaton as the dynamical fields, we have found the 2D-
dimensional actions (36) and (37). One may wish to use the generalized metric and dilaton
as the dynamical fields to find the 2D-dimensional action at order α′, i.e., extension of the
action (14) to the order α′. We have done this calculation. We have found that for the case
that B-field is zero there are non-zero D-dimensional and 2D-dimensional actions, however, in
the presence of the B-field one would find no effective action at order α′. In fact, when we
write the couplings (27) in terms of B-field and metric, for instance, the second coupling in (27)
produces, among other things, the following terms:
−2Gfg∂aGdg∂aBbc∂bBde∂cGef +Gfg∂aBde∂aBbc∂bGdg∂cGef (40)
None of them is reproduced by any 2D-couplings, any non-covariant field redefinition or any
total derivative term at order α′. This confirms the observation that there is no manifestly
background independent and duality invariant formulation of the bosonic theory at order α′ in
terms of the generalized metric, however, there is such formulation in terms of generalized frame
[31]. So one expects the convenient frame-work for studying the higher derivative couplings in
the D-dimensional string theory and in DFT is the frame-like formulation of DFT.
The gravity and dilaton couplings in the effective actions of string theories at orders α′2
and α′3 are known in the literature. Using the T-duality approach, it has been shown in
[19, 20] that they are invariant under the T-duality transformations which are the Buscher
rules and their α′-corrections. However, the B-field couplings at these orders are not known in
the literature. It would be interesting to use the method in this paper to find these couplings
as well as their corresponding 2D-dimensional actions. The B-field couplings at order α′2 for
Hohm-Siegel-Zwiebach double field theory [32] have been found in [33].
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